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In this paper, we demonstrate the feasibility of inverting the information contained in oceanic submesos-
cales, such as the ones evidenced in tracer observations of sea surface temperature (SST), to improve the de-
scription of mesoscale dynamics provided by altimetric observations. A small region of the Western
Mediterranean Sea is chosen as a test case. From a SST snapshot of the region in July 2004, information is
extracted to improve the velocity field as computed by geostrophy from the AVISO altimetric data at the
same location and time. Image information is extracted from SST using a binarization of the SST gradients.
Similarly, image information is extracted from the dynamic topography using finite size Lyapunov expo-
nents (FSLE). The inverse problem is formulated in a Bayesian framework and expressed in terms of a
cost function measuring the misfits between the two images. The large amount of information which is al-
ready available from ocean color satellites or which will be available from high-resolution altimetric satel-
lites such as SWOT, is a strong motivation for this work. Moreover, the image data assimilation approach
which is explored here, is a possible strategy for handling the huge amount of satellite data imprinted by
small scale information.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

Mesoscale dynamics have been shown to be a key ingredient of the
ocean circulation. The ubiquitous presence of mesoscale eddies in the
world ocean has been blatantly revealed by satellite altimetry
(LeTraon and Morrow, 2011). Today, there is an increasing interest for
submesoscale activity at scales of O(1 km). The energetics and dynam-
ical role of such submesoscale processes have been largely underesti-
mated until recently (Capet et al., 2008b). Submesoscale dynamics can
result from stirring actions in the mesoscale flow, in which frontogene-
sis is one of the dominant processes (Thomas et al., 2008). These dy-
namics are also evidenced in various recent field observations and in
numerical models (Capet et al., 2008b; Klein et al., 2010; Marchesiello
et al., 2003, 2011).

Among the observations, high-resolution satellite images of tracer
fields – such as sea surface chlorophyll or sea surface temperature
(SST) – clearly evidence filaments and frontal structures at these sub-
mesoscales. In themid-term, submesoscale dynamics should be observ-
able at the surface by high-resolution 2D altimetry (thanks to the SWOT
satellite mission, for example). However it is still unclear as to how
much (and with what accuracy) of the submesoscale signal would be
seen by altimetry (Chavanne and Klein, 2010).
ier).
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Accounting for the ocean submesoscales is a challenge for future
oceanographic research and liable to bringmuch to an improved under-
standing andmodeling of the ocean dynamics. Interestingly, submesos-
cale dynamics are also viewed as a key element of the biogeochemical
behavior of the ocean and the filament structures might be indicative
of enhanced primary production (e.g. Lévy et al., 2001). The observa-
tional prospects especially from space offerwide possibilities for actual-
ly observing those features. On themodeling side, present oceanmodels
do not truly resolve submesoscale activities at global scales but progress
is expected in the near future as regional models are already able to do
so. In any case, the presence of high-resolution information will raise
specific issues. In particular we will be confronted to a considerable
amount of data from satellites whichwemay not be prepared to handle
and use. Today, we are not yet able to optimally exploit the detailed
high-resolution information that is contained in ocean color or SST sat-
ellite images for example.

The present work stands within this general oceanographic con-
text. But it stands also within the specific methodological context of
data assimilation. Data assimilation is an ensemble of techniques
that aim at performing an optimal combination of information of var-
ious types (and with various errors) to obtain an improved descrip-
tion of a dynamical system. What is of interest for us here is how
data assimilation can be adapted to handle huge masses of informa-
tion and more specifically to find a way of assimilating structured in-
formation as for example the one that is observed in submesoscale
tracers. A possible answer is image data assimilation as was discussed
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in particular by Titaud et al. (2010). Following these authors, we
adopt the “image” terminology to refer to the spatial structures evi-
denced by the high-resolution original data. These image structures
are simplified representations of these data and obtained through
image processing techniques of different complexities. Then, data
are substituted by this structure information and no longer by the
original pointwise data. This is a way to reduce the size of the dataset
while keeping the dynamical information content of the data. A lot of
work in the literature is concerned with image treatment but this is
not per se our interest here. The use of images leads to specific formu-
lations of the data assimilation problem since contrary to the classical
approach, this is not information on the system per se that is used but
a proxy which characterizes the information structure (and its time
evolution). Some recent studies have shown how Lagrangian tools
can be used to link turbulence properties and tracer dynamics by de-
riving relevant proxies (Abraham and Bowen, 2002; d'Ovidio et al.,
2009; Lehahn et al., 2007). Several types of proxies could be thought
of such as the finite-size Lyapunov exponents (FSLE, Aurell et al.,
1997), the finite-time Lyapunov exponents (FTLE, (Titaud et al.,
2011)) or multiscale analysis (Yahia et al., 2010).

In this data assimilation context, the general objective of this paper
is to explore how submesoscale information that is contained in satel-
lite tracer fields can be used to better describe ocean dynamics atmeso
and larger scales. The overall problem is rather complex and this work
has a clear preliminary nature. To tackle it, we made several choices:

• Nowadays, submesoscales are synoptically observed only by tracers
and in particular through SST observations. In parallel, altimetry
provides a relatively faithful access to mesoscale dynamics and in
particular velocity field through the geostrophic derivation of the
SSH. As a first step, we restrict ourselves to explore the capability
of SST information at the submesoscales to correct for the meso-
scale (and larger scale) dynamics as described by altimetry.

• To perform image data assimilation, the finite-size Lyapunov expo-
nents field (FSLE) is used as the proxy variable for the velocity field.
Images were thus created from FSLE fields. Images from the SST
high-resolution controlling data are also required: they were simply
obtained by computing the normalized gradients.

• In this work, we consider a simpler data assimilation problem in the
sense that the date is fixed and therefore there is no time evolution.
In other words, an inversion is performed.

Then, the goal of this work is to demonstrate that the submesos-
cales from the SST field can be inverted to improve the description
of the altimetric velocity. The inversion from the SST to the SSH-
derived velocity field is made by considering the misfits between
two images from SST and SSH observations. The main challenges
are: (i) from an oceanographic point of view, it concerns the capabil-
ity to make use of submesoscale information to control large scale
ocean circulation, (ii) from a data assimilation perspective, the capa-
bility of using images as a go-between for different types of data. Note
that, in a recent work, Titaud et al. (2011) have addressed a partly
similar sensitivity study in the context of numerical simulations (all
information used were provided by model simulations). Therefore,
one aim of the present work is to extend this study to real data and
prove in a real context the feasibility of the approach.

The paper is organized as follows. In Section 2 the observations
used in this study are presented as well as the FSLE definition and
computations. The inverse method is detailed in Section 3. And the
results are presented and discussed in Section 4. Conclusions are fi-
nally given in Section 5.

2. Observations and related quantities

The founding breakthrough for the present study lies in the
observational evidence that mesoscale flow stirring can be
characterized quite faithfully by the distribution of Lyapunov ex-
ponents (Abraham and Bowen, 2002; d'Ovidio et al., 2004).
This was further developed, for instance by Lehahn et al. (2007),
who demonstrated a direct link between observed high-
resolution chlorophyll images and mesoscale velocity fields de-
rived from altimetric observations. Lyapunov exponents were
also shown to realistically characterize ocean color images or
even to identify patterns of trophic species (d'Ovidio et al., 2004;
Kai et al., 2009).

We propose using the FSLE, following the same line of thought as
D'Ovidio et al. (2004, 2009), applied to the velocity field derived from
satellite altimetry. As indicated previously, FSLE is one possible tool
but certainly not the only one. We found FSLE useful here to serve
as a proxy to handle the inversion problem.

In this study, two satellite observation data sets are therefore con-
sidered: (i) high-resolution sea surface temperature (SST) images,
which are used to provide information on the submesoscales and
(ii) altimetric observations, which are used to derive surface velocity
maps (and the corresponding FSLE).

The region of interest (Fig. 1) is located north of the Algerian cur-
rent, in the Western basin of the Mediterranean Sea from 38.2°N to
40°N in latitude and from 4.8°E to 8°E in longitude. This area is conve-
nient for our test case because the Algerian current is strongly unsta-
ble and characterized by a strong mesoscale and submesoscale
activity, but also because of the relatively cloud-free coverage in this
region.

As shown by Lehahn et al. (2007) or d'Ovidio et al. (2004), tracer
concentrations tend to develop fronts along lines of maximum FSLE.
More precisely, in Lehahn et al. (2007), the alignment of FSLE and
chlorophyll gradients is studied. Looking at the angle between the
chlorophyll isolines and the direction of the lines of the maximum
of FSLEs, they found that almost half of the FSLE patterns are similar
to the tracer isolines. Therefore frontal structures obtained from the
binarization of the SST normalized gradients (Fig. 2c) can be com-
pared with the binarization of the FSLE maximum lines (Fig. 3c).
They actually are the two images that we like to compare in order
to bring information from the SST to the FSLE that is derived from
the velocity field.

2.1. SST observations

Tracers such as the SST can be observed daily with a resolution of
few hundred meters, enabling the description of the submesoscale
activity (in this area the appropriate length scale is around 1 km).
Note also that SST sensors measure radiances in the near infrared
and visible bands, therefore the observations are sensitive to the
cloud cover. We chose a cloud free day (July 2nd, 2004) on this area
as a test situation to get rid of undesired signals. The SST observations
are obtained from the MODIS instrument at a resolution of 1 km
(http://oceancolor.gsfc.nasa.gov/, L2 product) (Fig. 2a). This particu-
lar snapshot was also chosen because it encompasses a well defined
eddy structure and associated fronts and filaments.

As for the FSLE, one needs to define an image from the SST data
and characterize useful structures and contours. The detection of
contours is a topical subject and there are different ways of dealing
with this issue. We have chosen for this study the simplest meth-
od. The first step is to filter the SST image using a Lanczos filter
(thus removing strongly correlated visible errors), then we com-
pute the normalized gradient of the filtered image (Fig. 2b). The
SST is slightly degraded at the same resolution of the FSLE image
that is 1/48° (see Section 2.3). The last step is to binarize the nor-
malized gradient of the SST (λ) to keep the maximum values (see
Fig. 2c):

λ̂ ¼ 0 if λbλs

1 if λ≥λs :

�
ð1Þ

http://oceancolor.gsfc.nasa.gov/


Fig. 1. Sea surface temperature (SST, in °C) in the Western Mediterranean Sea on June 30th, 2003 (a). Sea surface height (SSH, in cm) in the Algerian current on July 9th, 2003 (b).
The study area is located in the purple rectangle.
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The separation value λs is chosen as the percentile α=0.8, in
order to keep only 20% of all the values.

2.2. Altimetric observations

In this study, we use delayed time maps of absolute dynamic
heights (DT-MADT regional products), and the derived geostrophic
velocity products from the AVISO data base (http://www.aviso.
oceanobs.com). The altimetric satellite SSH is measured along altime-
ter tracks. Several treatments are applied to these along-track mea-
surements to correct for the various observation error components.

Then, the SSH maps are built using a space/time objective analysis
method in order to merge the signals of several altimeters (ERS-ENVI-
SAT, TOPEX/POSEIDON and JASON). The resolution of this product is
1/8° with a map delivered every week. The surface velocity field is in-
ferred from the previous data set using the geostrophic hypothesis
and has the same resolution (1/8°).

The velocity field is computed for June 30th, 2004, that is the avail-
able AVISO velocity field which has the closest day to July 2nd, 2004.
Fig. 3a shows such a field and an eddy signature is also clearly visible
in the area although significantly different from the SST pattern
shown in Fig. 2a.

2.3. Finite size Lyapunov exponents

Among the Lagrangian tools, finite-time Lyapunov exponents
(FTLE) and finite-size Lyapunov exponent (FSLE) fields are of peculiar
interest. The FTLE measure the growth of perturbations after advect-
ing particles for a fixed time (Shadden et al., 2005), whereas the FSLE
measure the times needed to separate particles by a fixed distance
(Lacorata et al., 2001). Here, we use only FSLE and compute the
FSLE fields, according to the FSLE definition, by the exponential rate
at which two particles separate from a distance δ0 to δf:

λ ¼ 1
τ
ln

δf
δ0

: ð2Þ

The FSLE fields give a measure of horizontal stirring and disper-
sion. The ridges of FSLE can also be seen as the Lagrangian transport
barriers of the fluid, so that the tracer gradient patterns are quite sim-
ilar to the maximum lines of FSLE.

The same approach as the one described by d'Ovidio et al. (2004)
is used here to calculate FSLE fields. The mesoscale velocity is interpo-
lated at the FSLE computed resolution, δ0, that is chosen to be 1/48°.
Four particles are then advected by this velocity field from a distance
δ0 to a distance δf. For each pixel, the outcome is the minimum time
t=1/τ taken by two particles to be at a distance δf. The parameter
δ0 is chosen to fit the 1/48° final grid and the distance δf is equal to
the eddy length scale (0.6° was found adequate in our case). The par-
ticles are advected backward in time so that the maximum lines of
FSLE represent the unstable manifold. Fig. 3b shows the FSLE field de-
rived from the June 30th, 2004 AVISO velocity field. The velocity is as-
sumed to vanish at the boundaries so that no particles are advected
outside the domain. To check the influence of this assumption, the
FSLE image has also been computed using a velocity map on a larger
region. In this case, the particles are advected outside the domain.
This image (not shown) is similar to the one computed in Fig. 3b (fi-
nite domain) except very close to the boundaries.

To characterize FSLE images, the FSLE fields are binarized using
the same method as for the binarization of the SST (Eq. (1)). The
threshold is also chosen so that 20% of all FSLE values in a given
image are kept. This value has been chosen empirically as it gives
the simplest description of the maximum line patterns. This is a

http://www.aviso.oceanobs.com
http://www.aviso.oceanobs.com


Fig. 2. SST (°C) fromMODIS sensor on July 2nd, 2004 (a). Norm of the SST gradients (b).
Image resulting from the binarization of the normalized SST gradients (c).

Fig. 3. Geostrophic velocity vectors (in m.s−1) superimposed on the SSH field (in cm)
on June 30th, 2004 from AVISO mapped products (a). FSLE field (in day−1) derived
from the geostrophic velocity (b). Image resulting from the binarization of the FSLE
field (c).
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pragmatic approach and further works will make more consideration
of the definition of appropriate images.

Looking at Figs. 2c and 3c, some similar patterns can be observed but
also misfits. This main and most meaningful reason for the image mis-
fits is that the submesoscale tracer image should contain useful infor-
mation about the velocity field. It means that extracting dynamical
information from the tracer structure may enable us to compensate
for the lack of time and space resolution of AVISO data set and to im-
prove the AVISO velocity. Deficiency in resolution is indeed a known
limitation of altimetric data because of the large altimetric satellite
track intervals. But also, it must be recalled that these two images are
not expected tomatch perfectly. First, because both images are contam-
inated by noise, as a result of inaccurate observations, data treatment
and image construction. The SST image processing shows evidence of
this, in particular through its noisy nature and the discontinuities seen
in frontal structures that are likely unrealistic. Further, the use of the
computed FSLE relies on assumptions that are not met in reality such
as the stationary velocity assumption during the computation of FSLE
and the passive feature of the tracer. Second, the SST and the FSLE
image structures are two different representations of the ocean. For ex-
ample, one should keep in mind that SST structures are a consequence
of the oceanic circulation and thus, a time-lagmay be expected between
the SST gradients and the FSLE. In order to quantify more precisely how
much synthetic SST and FSLE images may differ in an idealized frame-
work (i.e. without any observational noise), a follow-up of this study
will be undertaken by investigating this question using a high resolu-
tion numerical model. For all these reasons, some mismatches must
be assumed between the SST gradient image and the FSLE image. In
practice, the main misfit between the FSLE and the SST likely originates
from the velocity field itself that contains errors due to the previously
mentioned reasons, due to sub-sampling errors in time and space of
altimetric data, but also due to the computation of the velocity from
the SSH which assumes geostrophy and does not take into account
the submesoscale dynamics. The inverse problem formulated in

image of Fig.�2
image of Fig.�3
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Section 3 aims at reducing the uncertainty on the mesoscale velocity
field by injecting new information from the tracer patterns. The param-
eterization of the inverse problem is quite complex because the differ-
ent errors are not accurately known; hence, a “bulk” weight must be
defined to balance the different kinds of errors. In the present study,
the weight has been prescribed somewhat empirically by looking at
the overall consistency of the correction applied on the mesoscale
velocity.

3. Formulation of the inverse problem

To formulate the inverse problem, we consider the AVISO velocity
map (Fig. 3a) as a background velocity ub and the observation λ̂o of
the tracer pattern (Fig. 2c) as an additional information about veloci-
ty. The problem can then be solved using the Bayes theorem:

pa uð Þ∝pb uð Þp λ̂o u
�����

ð3Þ

where pb(u)=p(u|ub) is the prior probability distribution for the ve-

locity u, p λ̂o u
�����
is the conditional probability of the observed struc-

ture λ̂o given the velocity u, and pa uð Þ ¼ p u ub; λ̂o

��� ��
is the posterior

probability distribution for the velocity u. To solve the problem, we

thus need a parameterization for pb(u) and p λ̂o u
�����
.

3.1. Parameterization of the background and observation errors

We need first a parameterization of the prior probability distribu-
tion pb(u), describing the errors on the background velocity ub. As a
simple choice, we make the assumption that it is Gaussian:

pb uð Þ∝ exp −1
2

u−ubð ÞTB−1 u−ubð Þ
� �

ð4Þ

where B is the background error covariance matrix. To parameterize
the B matrix, we assume that it is proportional to the covariance of
the variability of the AVISO velocity (between years 1998 and
2009), truncated to the r=50 first EOFs. B=SST is thus a reduced
rank covariance matrix, so that the inverse in Eq. (4) must be consid-
ered as a pseudo-inverse. Velocity maps with non-zero prior proba-
bility are then all included in a reduced space of dimension r
defined by:

u ¼ ub þ STx ð5Þ

where x is a reduced control vector (of dimension r=50) with prior
probability after introducing Eq. (5) into Eq. (4):

pb xð Þ∝ exp −1
2
xTx

� 	
: ð6Þ

Second, we need to parameterize the conditional probability of

the observed structure λ̂o given the velocity u. It is in the parameter-
ization of this probability distribution that enters the key originality

of this paper: we assume that p λ̂o u
�����

is a decreasing function of

the distance between the observed tracer pattern and the FSLE pat-

tern λ̂ uð Þ derived from the velocity, for instance:

p
�
λ̂o

���u�∝ exp −1
2

μjjλ̂o−λ̂ uð Þjj2
� �

ð7Þ

where jjλ̂o−λ̂ uð Þjj is the ‘2-norm of the difference between the two
structures (as represented in Figs. 2c and 3c, for u=ub), and μ is a pa-
rameter governing the decrease of probability density as a function of
this norm. This probability distribution is meant to represent observa-
tion errors such as mentioned previously.

Having specified the prior probability distributions, the solution
of the inverse problem can be expressed either as a maximum pos-
terior probability estimator, or as a minimum variance estimator.
In practice, we describe here below how the solution is obtained
by combining the two approaches in sequence.

3.2. Maximum probability estimator

A first kind of estimator that can be deduced from the Bayes theo-
rem in Eq. (3) can be obtained by maximizing the posterior probabil-
ity pa(u), or by minimizing the cost function J(u)=− log pa(u). Using
the parameterization in Eqs. (4) and (7), this cost function can be
written as:

J uð Þ ¼ μjjλ̂o−λ̂ uð Þjj2 þ u−ubð ÞTB−1 u−ubð Þ ð8Þ

or, as a function of the reduced dimension control vector x:

J xð Þ ¼ μjjλ̂o−λ̂ u xð Þ½ �jj2 þ xTx ð9Þ

where u(x) is given by Eq. (5). Byminimizing this cost function, we see
that we should reach a velocity map that is at the same time not too far
from the background velocity (second term of J) andwith FSLE patterns
that are closer to the tracer frontal patterns (first term of J). The param-
eter μ governs the relative importance given to the 2 terms.

The main difficulty with this cost function is that the function λ̂ uð Þ
relating the FSLE pattern to velocity is very nonlinear. Moreover, as a re-
sult of the binarization introduced in Eq. (1) (to compare to λ̂o), it is
even not differentiable. Furthermore, as will be observed in the experi-
ments (see Section 4), the global minimum of J(u) is surrounded by a
large quantity of local minima, in which local minimization methods
can easily be trapped, thus never reaching the global minimum of the
function. A quite sophisticated method is thus needed to minimize
J(x) and, in practice, the solution is first approached by applying a sim-
ulated annealing algorithm, which is designed as follows.

The algorithm is initialized at x0=0 (i.e. at the background veloc-
ity u=ub), and the following operations are iterated (i=1,…,N)
until convergence:

1. Sample a random perturbation δx of the control vector from the
Gaussian probability distribution:

p δxð Þ∝ exp − 1
2σ2 δxTδx

� 	
: ð10Þ

2. Compute the corresponding variation of the cost function:

δJ ¼ J xi−1 þ δxð Þ−J xi−1ð Þ: ð11Þ

3. The new iterate is accepted (xi=xi−1+δx), if
• we go downhill (δJ≤0), or if
• we go uphill (δJ>0), with acceptance probability p=exp(−δJ/T).

It is this possibility of accepting uphill moves that makes possible to es-
cape from local minima and to continue converging toward the global
minimum (see van Laarhoven and Aarts (1987) for more detail).

However, convergence is only possible if the scheduling of the algo-
rithm (i.e. the amplitude σ of the perturbations and the temperature T)
is correctly tuned as a function of the characteristics of the cost function.
For our problem, we found that a possible schedule is given by param-
eterizing σ and T as a function of the current value of J:

σ ¼ αJ and T ¼ β J−Jminð Þ ð12Þ

where α and β are two constant parameters, and Jmin is the current best
estimate of the global minimum. If we underestimate Jmin, this means
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that the temperature T does not tend to zero when we reach the global
minimum, and the algorithm keeps oscillating around the solution. If
this is observed, Jmin should be progressively increased until conver-
gence. In our study, this is not crucially important because the simulated
annealing algorithm is only used to initialize the sampling of pa(u) in a
region with high posterior probability, therefore a rough and constant
approximation of Jmin is always sufficient (see Section 3.3).

Finally, it is interesting to note that, if we omit the background
term in the cost function, we obtain the maximum likelihood estima-

tor, i.e. the velocity u maximizing the likelihood p λ̂o u
�����
of the ob-

served pattern. However, this would not be a possible solution here

because the pattern λ̂ uð Þ is only weakly sensitive to a global multiply-
ing factor applied to the velocity map. This global factor would not be
correctly controlled, and would constantly derive during the maximi-

zation of p λ̂o u
�����
. A background term is thus essential in this study to

have a well-posed inverse problem.

3.3. Minimum variance estimator

A second kind of estimator that can be deduced from the Bayes
theorem in Eq. (3) is the minimum variance estimator defined by
the expected value of the posterior probability distribution:

u ¼ ∫u pa uð Þdu: ð13Þ

In practice, this estimate is computed in a second step by sampling
pa(u) and by taking the mean of the resulting sample:

�u≃1
n

Xn
i¼1

ui ð14Þ

where ui is a sample of size n of pa(u). A key advantage of this estima-
tor is that the dispersion of the sample also provides information
about the posterior uncertainty. For instance, the error variance is
given by:

δu2≃1
n

Xn
i¼1

ui−�uð Þ2: ð15Þ

Themain difficultywith this estimator is to achieve an efficient sam-
pling of the posterior distribution pa(u), defined in a space of dimension
r=50 [by the reduced control vector x, see Eq. (5)]. A classical method
to sample a probability distribution p(x) for a random vector x with
many dimensions i=1,…,r is the Gibbs sampler (Casella and George,
1992; Geman and Geman, 1984), which works as follows:

1. Loop on the dimensions of the control space, and sample the con-
ditional probability distribution:

p xið jx1;…; xi−1; xiþ1;…; xrÞ ð16Þ

where all components x1,…,xi−1,xi+1,…,xr are frozen to their values
in the previous draw in the sample.

2. Loop on the previous step until the required sample size is reached
[in our case, until convergence of the mean in Eq. (14)].

The problem of sampling p(x) is then reduced to sequentially sam-
pling the one-dimensional conditional distributions.

In our case, with the parameterizations (6) and (7) for pb(x) and

p λ̂o

� ���u�, this conditional probability distribution can be written as:

p
�
xi
���x1;…; xi−1; xiþ1;…; xr

�
∝ exp −1

2
x2i

� 	
exp −1

2
Jo xð Þ−Jmin

o

� �� �
ð17Þ
where

Jo xð Þ ¼ μjjλ̂o−λ̂ u xð Þ½ �jj2 ð18Þ

is the observation component of the cost function in Eq. (9). This
probability distribution can be sampled using the rejection method,

with pref∝ exp − 1
2 x

2
i

� �
as the comparison distribution, and accepting

the draws from pref(xi) with probability:

q ¼ exp −1
2

Jo xð Þ−Jmin
o

� �� �
: ð19Þ

The problem with the rejection method is that it becomes extremely
inefficient as soon as q≪1 [i.e. when the sampling is driven far away
from the minimum of Jo(x)], because most of the draws from the
comparison distribution (all requiring an evaluation of Jo(x) to com-
pute the rejection probability q) must be rejected from the sample.

To avoid this problem, we modify the rejection probability q in the
following way:

q ¼ exp −1
2

Jo xð Þ−Jmin
o

� �� �
for Jo xð Þ≤ Jmax

o

0 for Jo xð Þ > Jmax
o

8<
: ð20Þ

in such a way that we never sample the regions with a large value of
Jo(x) (> Jo

max), so that finding a next draw in the Gibbs sampler always
remains very fast. Moreover, this modification should not be viewed
as an approximation if we consider that it simply corresponds to a

modified parameterization for p λ̂o u
�����
in Eq. (4): the probability of

the observed structure is set to zero for Jo(x)> Jo
max, which means

that a large misfit between the tracer frontal patterns and the FSLE
patterns is considered impossible. However, this also means that we
must initialize the Gibbs sampler with a control vector x such that
Jo(x)b Jomax. This is why we need to run the minimization algorithm
first (by simulated annealing, as explained in Section 3.2) until this
condition is verified.

The overall numerical cost of the inverse problem is mainly relat-
ed to the number of evaluation of J(x) in Eq. (9) or Jo(x) in Eq. (20),
because each evaluation of J and Jo requires the computation of the
FSLE pattern λ̂ uð Þ from the velocity u. Since each iteration of the sim-
ulated annealing algorithm and each draw of the Gibbs sampler (ac-
cepted or rejected) requires one evaluation of J or Jo, the total cost
of the inversion is directly linked to the number of iterations required
to reach a value of Jo(x) below Jo

max, plus the number of draws re-
quired to reach the required accuracy for the mean in Eq. (14).

4. Results of the estimation process

The prerequisite for a successful estimation process lies in the
good conditioning of the cost function as expressed in Eq. (8). In
this section, we present the investigations that have been made on
the cost function behavior in two successive stages: first by looking
at the simple inversion of the intermediate FSLE field, second at the
inversion of the actual data. Let us recall that the feasibility of the
FSLE inversion has already been demonstrated when data are simu-
lated by a numerical model (Titaud et al., 2011). Here the feasibility
of this FSLE inversion is similarly studied. FSLE are now obtained
from real data and, in addition, the actual inversion is performed. In
any case, the issue is to analyze the variations of the cost function in
different directions of errors to assess whether a global minimum
can be identified and whether depending on the shape of the cost
function a successful minimization can be reached.
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4.1. FSLE inversion

In this first experiment, the tracer observation is assumed to cor-
respond to the FSLE derived from the true velocity on June 30th,
2004. We create an approximate first estimate of the background ve-
locity. Next, we perturb this background velocity to retrieve the
true one using the maximum probability estimator described in
Section 3.2. Comparing the FSLE derived from the perturbed velocity
with the true one, we look for the velocity that minimizes the cost
function (see Eq. (8)). Fig. 4a shows the variations of the misfit be-
tween the truth and the perturbed fields for several directions of per-
turbation from the sub-space of errors. Each curve corresponds to the
variation of the misfit as a function of the amplitude of perturbation
for one direction of perturbation. A global minimum can be identified
in the different curves. Therefore, it was considered reasonable to try
minimizing this cost function and to achieve the actual minimization
at a moderate numerical cost. The actual process of minimization of
the cost function (Fig. 4b) was performed and a stable minimum
was reached. The convergence rate of the process of minimization
has not been optimized yet since it is fast enough for our study.
Fig. 4. Misfit between the perturbed field and the true field as a function of the ampli-
tude of perturbation for several directions of errors (a). Variation of the log of the cost
function of the twin experiment with the log of the number of iterations (b). The tracer
observation is the FSLE derived from the true velocity on June 30th, 2004.
Nonetheless an optimization of the minimization process may be
needed to render this process more operational. As the truth is
known, it was possible to assess the reconstructed velocity according
to the true one. The result was found successful since the true field
and the reconstructed field are quite similar (figures not shown).

4.2. SST image inversion

In the real data inversion experiment we then look at the actual
SST image and proceed as previously. Fig. 5a shows the variations of
the misfit between the perturbed field and the optimal solution of
our problem as described in Fig. 6. One can see that the global mini-
mum is not easy to find using only the maximum probability estima-
tor (Section 3.2). In Fig. 5b one can see that the global minimum is
approached but some uncertainties remain on the determination of
the minimum, as indicated by the rather irregular variation of the
cost function. Performing more iterations shows that the cost func-
tion reaches a plateau, but irregular variations around this plateau
are observed which impair a fully satisfactory convergence. The
limit of the maximum probability estimation is then reached.
Fig. 5. Misfit between the perturbed field and the optimal solution as a function of the
amplitude of perturbation for several directions of errors (a). Variation of the log of the
cost function with the log of the number of iterations (b). The observation considered
for this cost function is the SST image from MODIS sensor on July 2nd, 2004.
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Fig. 6. AVISO velocity on June 30th, 2004 (a) and corrected AVISO velocity (b) (in m/s). Fig. 7. Binarized FSLE field derived from the AVISO velocity (a) and binarized FSLE field
derived from the corrected velocity field (b) (in day−1).
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To go further, the complementary approach of the Gibbs sampler
is used, as explained in Section 3.3. In practice, after decreasing the
cost function using a simulated annealing algorithm, the Gibbs sam-
pler is used to get a sample of all the perturbations that correspond
to a high probability of the solution (cost function plateau). These
perturbations are potential solutions of our problem and are stored
together with the corresponding cost function. Then, the best esti-
mate of the velocity is computed using the mean of all the potential
solutions found using the Gibbs sampler.

Fig. 6 compares the background velocity (from the altimetric ob-
servations) and the corrected velocity inferred from the process of
minimization. It can be seen that the corrections applied to the
eddy field in the region are coherent with the tracer structure. As
expected the flow is constrained to roughly follow the lines of SST
maximum gradients. The areas where the AVISO velocity vectors
cross the SST gradient have been corrected so that the flow more
closely follows the lines of maximum gradients. It is particularly
clear in the north east part of the eddy where the velocity vectors
are modified to make the flow consistent with the SST filaments.

Another way of construing the results is to look at the FSLE field
that is computed from the corrected velocity field with regard to
the original FSLE (Fig. 7). Interestingly the “corrected” FSLE field
(Fig. 7b) exhibits some new filament structures that were not in the
original one and that seem to enrich the dynamical field in this area
(although we do not have a way to assess the accuracy of this).

Although the corrected field fulfills our expectations, some of the
corrections on the flow do not seem really appropriate. Indeed
some corrections, such as the one applied on the West border of the
gyre, mismatch the tracer image. The flow is modified while we de-
tect no specific structure on the SST image.

At this stage, the extent to which the correction brought to the ve-
locity field is accurate cannot be fully validated. Nevertheless, our
methodological approach brings us some elements to assess the
error bar resulting from the minimization process. Indeed, the big
asset of the Gibbs sampler (Section 3.3) is that we can compute the
standard deviation of all the possible perturbations in order to esti-
mate the uncertainty on our result. Fig. 8 highlights the fact that the
value of the standard deviation of the sample computed by the mini-
mum variance estimator (less than 2.10−2 m/s) is low compared to
the correction applied to the velocity i.e. the difference between the
corrected velocity and the background velocity (about ±10−1 m/s).
It means that the uncertainty on the result is small, and therefore
we can trust that the velocity resulting from the inversion of subme-
soscale tracer information is reliable.

In addition, Fig. 8 gives information on the spatial distribution of
errors. One can see in particular that the correction on the velocity
around the main eddy is reliable (low standard deviation). The less
trustworthy areas (high standard deviation) correspond to the ones
where the process fails due to some remaining noise in the tracer
image. A strong signature on the standard deviation is also found in
the south west corner, where the correction on the velocity is impor-
tant. This may be due to the fuzzy aspect of the signal on the SST in
this corner so that the contour detection algorithm does not work
perfectly in this area. Given the simplicity of the process of filament
detection, the low value of the methodological uncertainty is beyond
our expectations.

Additional diagnostics can be made by looking back at the SSH sig-
nal when computed from the corrected velocity field. The assumption
of a geostrophic flow is necessary for the reconstruction of the SSH
using the corrected velocity even though the geostrophic assumption
has not been used to obtain this corrected velocity. This is what is
shown in Fig. 9 which compares the original SSH from AVISO, the
SSH resulting from the corrected velocity field and shows the
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Fig. 8. Norm of the difference between the background velocity vector (from AVISO)
and the corrected velocity vector (in m.s−1) (a). Norm of the standard deviation of
the sample provided by the Gibb's sampler in m.s−1 (b).

Fig. 9. Sea surface height (SSH, in cm) from AVISO on June 30th, map of absolute dy-
namic height (ADT) (a). Corrected SSH (b). Difference between the observed SSH
and the corrected SSH (c).
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difference between these two SSH fields. The maximum correction is
located in the south west corner and reaches 4 cm. It is much smaller
elsewhere. This must be compared to the reference with the value of
3 cm Rms which is a rather standard value used for the altimetry
error estimate in data assimilation studies (Testut et al., 2003).

5. Conclusion

In this paper, a case study has been presented that demonstrates
the feasibility to correct an observed velocity field (derived from
SSH data by geostrophy) using a satellite tracer image (here a SST
field). Using maximum probability and minimum variance estima-
tors, the velocity field has been corrected so that a better match to
the submesoscale SST filament structures is reached. The corrections
are consistent with the submesoscale tracer observations based on
the rationale that has been exposed in the founding papers such as
those of Abraham and Bowen (2002) and d'Ovidio et al. (2004).
This is the first interesting result pointing out that indeed information
from the submesoscales is invertible and useful for the control of larg-
er scales.

The process that leads to this correction involves the comparison
between two types of “images” of the same flow: one is extracted
from the finite size Lyapunov exponent map that is derived from
the observed velocity and the other is constructed from the normal-
ized gradient of the SST data. These two “images” are not based on
quantities of the same nature. They are only spatially structured in-
formation the correspondence of which was liable to be useful and in-
deed appears to be so. This is the second, and to our knowledge novel,
result of interest since it shows the feasibility of image data assimila-
tion in the oceanographic context and for real data.

To carry out the actual correction, we have developed a two
step estimation based on the Bayes theorem: an estimation of the
maximum probability that also stands as the minimization of the mis-
fit cost function, and a minimum variance estimation that is devel-
oped using the Gibbs sampler. Provided that data error information
can be obtained with some confidence, the method gives not only
field corrections but also error estimates on these corrections. In the
present case, we made some simple assumptions on the error struc-
ture based on the AVISO data variability. The methodology developed
is certainly of larger scope that the simple test case carried out here.
We think it is also per se a result of interest from this paper.

One important dimension of this work relates to the scales of the SST
and SSH original products. The outcome of this study using real observa-
tions is that submesoscale tracer images are useful to control ocean
physics and can compensate for the lack of SSH resolution in time and
space. The velocity field is obtained from SSH products at a 1/8° scale.
The FSLE maps are computed from this velocity field with a 1/48° reso-
lution. The SSTmaps are obtained at a 1/100° resolution and are slightly
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degrader to 1/48° to fit the FSLE map resolution. The optimization pro-
cess leading to the corrections is performed in a 1/48° dimensional
space. The feedback from this optimization is reflected on the only 1/
8° corrected velocity field. This can be seen as a way of parameterizing
the difficult problem of the inverse cascade from the submesoscales to-
ward larger scales (e.g. Capet et al., 2008a)

Although the results are clearly positive regarding the feasibility of
submesoscale inversion, a number of uncertainties remain about the
effective control of the flow field. The strength of the proposed meth-
odological approach is that it can handle properly the errors and pro-
vide faithful error estimates. But this assumes that data and structure
errors are known with confidence. More work is necessary to refine
the methodological approach and to provide a more precise assess-
ment of the efficiency of the control. This issue of assessing the final
errors is difficult to reach with noisy data, especially as we aim at tak-
ing care of a fully time evolving problem. In such a realistic situation,
it is difficult to expect accurate information on the data errors at all
necessary scales for the full validation of the process. That is why,
we think for the near future of the setting of a fully coupled high-
resolution physico-biogeochemical model that will allow to perform
twin-experiments in which the errors will be perfectly known. This
is seen as a necessary step for setting up a complete data assimilation
system for the submesoscale data.

Further investigations will also include the improvements of
image processing that are used in the minimization process. Prelimi-
nary investigations using more elaborated algorithms for filament
structure detection have been performed. They show improvements
of the results and must be further analyzed and rationalized.
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