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1. Introduction

X denotes the Banach space L1([0, τ?]) of all — equivalence classes of —
Lebesgue integrable functions on [0, τ?], where τ? is a given non negative
large number. We consider an integral operator T : X → X defined by

x 7→ Tx : τ ∈ [0, τ?] 7→ (Tx)(τ) =

∫ τ?

0

κ(τ, σ)x(σ)dσ.

We suppose that the kernel κ is of the following form:

κ(τ, σ) := η(τ, σ)g(|τ − σ|),

where η is a continuous complex valued function on the square [0, τ ?] ×
[0, τ?] and g is a weakly singular function at zero, in the following sense:

(a) lim
τ→0+

g(τ) = +∞ ;

(b) g ∈ C0(]0, τ?]) ∩ L1([0, τ?]) ;

(c) g is a positive decreasing function on ]0, τ ?].

It was proved in [1] that T is a compact operator in X . For z ∈ re(T ) :=
{z ∈ C : T − zI is bijective} and f ∈ X , there is a unique solution ϕ to
the problem

(T − zI)ϕ = f.

The author is grateful to Mario Ahues and Alain Largillier for fruitful discus-
sion on this topic.
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2. Finite rank approximations

We study a special class of approximate operators whose range is a finite
n-dimensional subspace of X . For all ` ∈ X∗, the topological adjoint space
of X , and all x ∈ X , we define 〈x, `〉 := `(x). As ` is linear conjugate, 〈x, `〉
is linear with respect to x and linear conjugate with respect to `, such as
a scalar product of a complex prehilbertian space. We recall that a linear
bounded finite rank operator is compact and can be written as (see [2]):

Tn :=
n∑

j=1

〈 . , `n,j〉en,j ,

where n ∈ N∗ and, for j ∈ [[1, n]], `n,j ∈ X∗ and en,j ∈ X . If z ∈ re(Tn),
then for all f ∈ X , the approximate equation

(Tn − zI)ϕn = f (1)

admits a unique solution. If we set

An(i, j) := 〈en,j , `n,i〉, bn(i) := 〈f, `n,i〉 and xn(j) := 〈ϕn, `n,j〉, (2)

equation (1) leads to the following n-dimensional linear system, by applying
each semi-linear functional `n,i to each member of equation (1):

(An − zIn)xn = bn, (3)

where In denotes the identity matrix of order n.
We are interested in approximations obtained with a family of projec-

tions on X with finite rank n. Such a projection πn reads as

πnx :=

n∑

j=1

〈x, ξn,j〉en,j , x ∈ X,

where (en,j)
n
j=1 is an ordered basis of the range of πn and (ξn,j)

n
j=1 is an

adjoint basis of the former. The projection πn considered in this paper is
built as follows: let (τn,i)

n
i=1 be a grid on [0, τ?] such that

0 := τn,0 < τn,1 < . . . < τn,n−1 < τn,n := τ?.

Set hn,j := τn,j − τn,j−1 for j ∈ [[1, n]] and define

µn := min{hn,j , j ∈ [[1, n]]}, hn := max{hn,j , j ∈ [[1, n]]}.

We define for all x ∈ X and for all j ∈ [[1, n]]

〈x, ξn,j〉 :=
1

hn,j

∫ τn,j

τn,j−1

x(σ)dσ,
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and for all τ ∈ [0, τ?]

en,j(τ) :=

{
1 if τ ∈]τn,j−1, τn,j [,
0 otherwise.

Notice that if x ∈ C0([0, τ?]) then, for all j ∈ [[1, n]], lim
hn→0

〈x, ξn,j〉 = x(τn,j).

We define the approximate operator Tn by

Tn := πnT.

It was proved in [1] that (πn)n≥1 is pointwise convergent to the identity
operator in X . Then as T is compact, the sequence (Tn)n≥1 is convergent
to T in the operator norm. The entries of the matrix An and of the second
member bn defined by (2) are given for all (i, j) ∈ [[1, n]]2 by

An(i, j) =
1

hn,i

∫ τn,i

τn,i−1

(Ten,j)(τ)dτ =
1

hn,i

∫ τn,i

τn,i−1

∫ τn,j

τn,j−1

κ(τ, σ)dσdτ,

bn(i) =
1

hn,i

∫ τn,i

τn,i−1

∫ τ?

0

κ(τ, σ)f(σ)dσdτ.

(4)

3. Reduction of computation

To attain a given precision on the approximate solution ϕn, it may be nec-
essary that the largest grid step hn be so small that the dimension of the
corresponding linear system will be prohibitively large from a computa-
tional point of view so as the matrix An is full. Moreover, when g is —
for instance — an exponentially decreasing function, a lot of entries of An

are very close to zero. Here, we suggest a consistent way to reset to zero
some small entries: in fact, we prove that a truncation on the kernel of T
induces the zeroing of some small entries in absolute value of the matrix
An.

Consider a sequence (εn)n≥0 of positive real numbers. We define

In,i,j := [τn,i−1, τn,i] × [τn,j−1, τn,j ], (i, j) ∈ [[1, n]]2,

and

En :=

{
(i, j) ∈ [[1, n]]2, sup

(t,s)∈In,i,j

|κ(t, s)| ≤
εn

hn,j

}
.

Let κn be the function defined for all (τ, σ) ∈ [0, τ?] × [0, τ?] such that
τ 6= σ, by

κn(τ, σ) :=

{
0 if ∃(i, j) ∈ En such that (τ, σ) ∈ In,i,j ,
κ(τ, σ) otherwise.
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Let Kn be the integral operator induced by the kernel κn,

x 7→ Knx : τ ∈ [0, τ?] 7→ (Knx)(τ) =

∫ τ?

0

κn(τ, σ)x(σ)dσ,

and consider the finite rank approximation

T̃n := πnKn.

Let us denote by Ãn the matrix of the linear system (3) corresponding to

the approximation T̃n, i.e.

Ãn(i, j) =
1

hn,i

∫∫

In,i,j

κn(τ, σ)dτdσ, (i, j) ∈ [[1, n]]2. (5)

The following theorem shows that the truncation of κ induces the zeroing
of some entries of An which are less than εn in absolute value.

Theorem 1. Let An and Ãn be the matrices defined by (4) and (5) respec-
tively. Then for all (i, j) ∈ En, |An(i, j)| ≤ εn, and for all (i, j) ∈ [[1, n]]2,

Ãn(i, j) =

{
0 if (i, j) ∈ En,
An(i, j) otherwise.

Proof. Evident.

We now justify the use of T̃n instead of Tn in the approximate equation
(1).

Theorem 2. If (εn)n≥0 is such that lim
n→+∞

εn

µn

= 0 then T̃n converges to

T in the operator norm.

Proof. Let x ∈ L1([0, τ?]). Then,

‖(T − Kn)x‖
1
≤

n∑

i=1

n∑

j=1

∫∫

In,i,j

|κ(τ, σ) − κn(τ, σ)||x(σ)|dσdτ

≤
∑

(i,j)∈En

εn

hn,j

∫∫

In,i,j

|x(σ)|dσdτ ≤
∑

(i,j)∈En

εnhn,i

hn,j

∫ τn,j

τn,j−1

|x(σ)|dσ ≤
τ?εn

µn

‖x‖
1
. (6)

Since lim
n→+∞

εn

µn

= 0, lim
n→+∞

‖T − Kn‖1
= 0. Also,

‖T − T̃n‖1
≤ ‖T − Kn‖1

+ ‖(I − πn)T‖
1
+ ‖(I − πn)(Kn − T )‖

1
,
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and the conclusion follows.

Remark 1. Note that it is not necessary to compute the entries before
their zeroing: the condition which defines En can be used to decide the
zeroing of an entry. In the case of a large matrix, this trick allows a gain
of time in the construction of the matrix. Finally, note that some entries
whose absolute value is less than εn may not be zeroed.

4. Numerical example

In this section, we apply the previous reduction of computation to the
resolution of an integral equation which appears in a radiative transfer
problem. A description of the physical problem is given in [3] and [4]. A
parallel code for the resolution of this problem is given in [5]. Let κ and f
be defined for all (τ, σ) ∈ [0, τ?]2 by

κ(τ, σ) :=
$?

2
E1(|τ − σ|) =

$?

2

∫ 1

0

exp(−|τ − σ|/µ)

µ
dµ, τ 6= σ,

f(τ) :=

{
$? − 1 if τ ∈ [0, τ?/2],

0 otherwise,

where $? ∈]0, 1[. This kernel satisfies conditions (a), (b) and (c). The
corresponding entries of An and bn are given in [5].

We set $? = 0.75 and we used an uniform grid of 100 nodes on [0, τ ?]
to compute the results shown in the following figures.

In Fig. 1 we show the profile of the corresponding matrix Ãn when
εn = 10−12: in this case, 5853 entries have been zeroed in the matrix An,
i.e. more than 50%.

Let ϕ̃n be the solution of

(T̃n − zI)ϕ̃n = f. (7)

Then in Fig. 2 we show the — log-scaled — relative error
‖ϕn − ϕ̃n‖1

‖f‖
1

for

different values of εn. Note that the variation of the relative error is linear
and that the numerical results are consistent with respect to the bound
(6).

Remark 2. Keep in mind that the entries of the second member of the
linear system (3) corresponding to (7) are given for all i ∈ [[1, n]] by:

b̃n(i) :=
1

hn,i

∑

j∈[[1,n]]

(i,j)6∈En

∫∫

In,i,j

κ(τ, σ)f(σ)dσ.
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Fig. 1. Profile of the truncated matrix Ãn when εn = 10−12.
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Fig. 2. εn 7→
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